We revisit the Schwinger effect in de Sitter, anti-de Sitter spaces and charged black holes, and explore the interplay between quantum electrodynamics and the quantum gravity effect at one-loop level. We then advance a thermal interpretation of the Schwinger effect in curved spacetimes. Finally, we show that the Schwinger effect in a near-extremal black hole differs from Hawking radiation of charged particles in a non-extremal black hole and is factorized into those in an anti-de Sitter space and a Rindler space with the surface gravity for acceleration.
Introduction
Spontaneous creation of particles or charged pairs from an external gauge field or a curved spacetime is one of the most prominent phenomena in quantum field theory. A strong electric field produces pairs of charged particles and antiparticles, known as the Schwinger mechanism.
1 The more remarkable phenomenon is the emission of all species of particles from black holes, known as Hawking radiation.
2 Under an influence of strong backgrounds the vacuum may spontaneously breakdown due to quantum fluctuations and virtual pairs can be separated either by the energy of the fields or the causality of spacetimes. An accelerating detector measures a thermal spectrum of the Unruh temperature determined by the acceleration, known as the Unruh effect. 3 The spectrum and characteristics for these effects are summarized in Table 1 .
Heisenberg and Euler found the one-loop effective action for an electron in a constant electromagnetic field 4 and Schwinger introduced the proper-time integral method to express the effective action in scalar and spinor quantum electrodynamics (QED), 1 which is now known as the Heisenberg-Euler or Schwinger effective action. The most distinct feature of the Heisenberg-Euler or Schwinger action is poles of the proper-time representation of the action in an electric field. Thus, the one-loop effective action has not only the vacuum polarization (the real part) but also the vacuum persistence amplitude (twice the imaginary part). The vacuum persistence amplitude is a consequence of spontaneous production of charged pairs from the Dirac sea. Notice that the Schwinger effect is the particle-hole theory, in which virtual particles from the Dirac sea tunnel through a tilted potential barrier due to the electric field, and does not include the Coulomb attraction of pairs due to the homogeneity of produced pairs. 
In this paper we recapitulate the Schwinger effect in curved spacetimes, such as a de Sitter (dS) space, an anti-de Sitter (AdS) space, and an extremal or near-extremal Reissner-Nordström (RN) black hole. One motivation for studying the Schwinger effect in (A)dS is to unveil the interplay between the Maxwell theory as a U(1) gauge and the quantum gravity effect at one-loop level. Another motivation to study QED in (A)dS is the near-horizon geometry of a near-extremal black hole 5 and the scalar S-wave in the Nariai-geometry of a rotating black hole, 6 which are summarized in Table 2 . Further, it would be interesting to investigate whether charged black holes may have the Schwinger effect different from Hawking radiation. Table 2 . QED phenomena in the near-horizon geometry of 4D black holes.
Black Hole
Region of Parameters Near-Horizon Geometry
We also provide a thermal interpretation of the Schwinger effect in (A)dS 2 , which has recently been introduced by Cai and Kim 7, 8 and is a QED analog of the Unruh effect in (A)dS 2 .
9, 10 The Schwinger effect from an extremal RN black hole has the same spectrum as in AdS 2 since the near-horizon geometry of the extremal black hole is AdS 2 × S 2 as shown in Table 2 . The Schwinger formula from the extremal black hole is similarly given a thermal interpretation. 11, 12 Interestingly, the Schwinger effect from a near-extremal black hole is factorized into the Schwinger formula in AdS 2 and that in Rinder 2 with the acceleration of the surface gravity due to small non-extremality of black hole. We find the Schwinger formula in dS in any dimension. A passing remark is that the holographic Schwinger effect is the particle picture of charged pairs including the Coulomb attraction of the pairs. 13 
QED Action in dS 2
We consider the planar coordinates for a (d + 1)-dimensional dS space, dS d+1 ,
The electromagnetic field in a curved spacetime measured in a local frame
is given by the two-form tensor F = F αβ θ α ∧θ β . We assume a constant electric field along the x 1 -direction measured by a co-moving observer with the (d + 1)-velocity u α = (1, 0, · · · , 0). Then, F 01 = −E = −F 10 in the local frame, A = −[E(e Ht − 1)/H]dx 1 and F = dA in the metric (1). Thus, the vector potential is given by A 1 = −E(e Ht − 1)/H, which has the Minkowski limit H = 0. First, in dS 2 the Schwinger formula (mean number) for charged spinless scalars is given by the dimensionless instanton action 14, 15 
The Schwinger formula (2) can be interpreted in terms of the effective temperature introduced by Cai and Kim
where T U is the Unruh temperature for accelerating charge, T GH is the GibbonsHawking temperature, 16 andm is the effective mass in dS 2 , which are respectively
It is interesting to compare the effective temperature (3) with the effective temperature for an accelerating observer in dS 2 9, 10
By solving the field equation and using the Bogoliubov transformation, the pairproduction rate is found 7, 8, 12, 17 
where the upper (lower) sign is for scalars (fermions) and the dimensionless instanton actions are
The prefactor H 2 S µ /2(2π) 2 is the density of states and the square bracket in Eq. (7) is present only for scalars but vanishes for fermions. Noting S dS = S µ − S λ , the leading term of Eq. (6) is the Schwinger formula (2) from the instanton action. Without the density of states, the quantity in Eq. (6) is the mean number of created pairs. In the in-out formalism, the vacuum persistence amplitude (integrated action density) is related to the mean number of pairs as
which is the pressure from quantum gas. The first logarithm in Eq. (8) is the standard QED action with the mean number N = e −m/TCK while the second one is a correction due to a charged vacuum in dS and has the character of spinor QED regardless of spins.
Employing the gamma-function regularization in Ref. 18 , the QED action density for scalars is
Similarly, we find the QED action density for fermions
Here, P denotes the principal value and the subtracted terms renormalize the vacuum energy and the charge. The bosonic and fermionic current density is given by
Note that the current density comes from the second quantized field theory in curved spacetime, which is equivalent to (2 charge) × (density of states) × (mean number).
In the limit of mH ≤ qE ≪ H 2 , i.e., S µ ≈ (qE/H 2 ) and S dS ≈ π(mH/qE) 2 , the current density accumulated over the Hubble time 1/H increases as (
2 ) and exhibits the infrared hyperconductivity, which has been observed in Ref. 19 .
QED Action in dS d+1
The Schwinger effect in dS 4 has been studied in Refs. 20, 21. We now study the Schwinger effect in (d+1) dimensions, in which the field equation for charged scalars takes the form
wherek 1 = k 1 − qE/H and k ⊥ is the (d − 1)-dimensional momentum transverse to the electric field. Then, the positive and negative frequency solutions for the in-vacuum (t = −∞) are given by the Whittaker function as
where
The positive and negative frequency solutions for the out-vacuum (t = ∞) are given by the confluent hypergeometric function as
The Schwinger effect in a constant electric field in dS d+1 should be independent of t and x 1 due the symmetry of the spacetime and the field. In fact, the integration of the longitudinal momentum k 1 of the out-vacuum solution φ
out,k (t) gives the density of states H 2 γ dS /(2π) independent of dimensions. 8 Therefore, the pair-production rate per spacetime volume is
where the upper (lower) sign is for charged scalars (fermions) and the dimensionless instanton actions are
Here, the square bracket in Eq. (17) vanishes for fermions. In the case of dS 2 , the transverse momentum vanishes and the integration becomes unity and the Schwinger formula (6) is recovered. Further, in the limit of the Minkowski spacetime (H = 0), Eq. (16) recovers the Schwinger formula (d = 3 in Table 1 )
Finally, in the limit of the zero field (E = 0), Eq. (16) reduces to the pure dS radiation for scalars (fermions) in the planar coordinates
QED Action in AdS 2
The two-dimensional AdS space has a constant curvature R 2 = −2K 2 , the planar coordinates and the Coulomb potential for a constant electric field
The Schwinger formula for charged scalars is given by another dimensionless instanton action 15, 22
which is an analytical continuation of the instanton action (2) in dS 2 . Employing the effective temperature by Cai and Kim, 7 one may give a thermal interpretation for the Schwinger formula (21) as
where the Unruh temperature for accelerating charge and the effective mass in (A)dS 2 are
The binding nature of a pair in the AdS space increases the effective mass while the dS space intrinsically separates the pair and decreases the effective mass. Similarly, one obtains the density of states and the pair-production rate in AdS 2
The square bracket vanishes for fermions. Note that pairs are produced when the Breitenlohner-Freedman stability bound m 2 ≥ (qE/K) 2 is violated. The QED action density is for scalars
and for fermions
The bosonic and fermionic current density is given by 
Hawking Radiation from Non-Extremal Black Hole
The RN black hole with the mass M and charge Q has the metric and the Coulomb potential
which has the outer and inner horizons
As summarized in Table 2 , the near-horizon geometry of the RN black hole (29) is approximately given by the Rindler space, Rindler 2 × S 2 when M ≫ Q while it is accurately approximated by the AdS space, AdS 2 × S 2 when M ≃ Q. Interestingly, in the tortoise coordinate r * for an extremal black hole Q = M , the radial motion of a charged scalar in the spherical harmonics Y lm (θ, ϕ),
has in the asymptotic region (r ≫ Q) the effective potential for the Klein-Gordon equation in the Coulomb potential with an angular momentuml and a chargeQ
Thus, the Schwinger formula from the extremal black hole is approximately given by that from a supercritical point charge in the Minkowski spacetime. In the tunneling picture for Hawking radiation, virtual pairs are created through the horizon. Thus, the near-horizon geometry of the black hole plays an important role in understanding the Schwinger effect or Hawking radiation. For a non-extremal black hole, the near-horizon geometry has the Rindler coordinates
where F ≃ (κρ) 2 and G ≃ 1 near the horizon ρ ≃ 0 with the surface gravity κ = (r + − r − )/(2r 2 + ). A physically intuitive way to understand the pair production from the background field is to investigate the poles of the Hamilton-Jacobi equation for a charged particle. The Hamilton-Jacobi action for each spherical harmonics
can give the particle production as the decay rate of the vacuum. In the phaseintegral method, the mean number is given by the leading term [24] [25] [26] 
where S Γ l = S l is the action evaluated along a contour Γ l in the complex plane of ρ. The simple pole at the outer horizon ρ = 0 (r = r + ) recovers Hawking radiation of charged particles
where the Hawking temperature and the electrostatic potential on the horizon are
Schwinger Effect in Near-Extremal Black Hole
As shown in Table 2 , the near-horizon geometry of a near-extremal black hole has AdS 2 × S 2 with the metric
where coordinates are stretched by smallness parameter ǫ as
The Hawking radiation for the parametrization (40) is given by
Except for particles with energy close to the chemical potential, i.e, ω−qΦ(B) ∝ ǫB, Hawking radiation is exponentially suppressed to zero. By taking the limit ǫ = 0 the near-horizon region can be stretched infinitely to AdS 2 × S 2 . This procedure differs from the amplified near-horizon geometry of a non-extremal black hole as Rindler 2 ×S 2 . This means that the Schwinger effect from AdS 2 ×S 2 is very accurate for the near-extremal black hole.
The action for the Hamilton-Jacobi equation for the radial motion after separating the spherical harmonics is given by
Note that there are two finite poles at ρ = B, the outer horizon, and ρ = −B, the inner horizon as well as an infinite pole at ρ = ∞. Then, the contour integral gives the leading term for the Schwinger effect
where S a is the sum of residues at ρ = ±B and S b is the residue at ρ = ∞. From the field equation, the exact Schwinger formula from the geometry (39) is given by
where S c = 2π(ωQ 2 /B). The mean number for the Schwinger effect has the thermal interpretation 11, 12 
with T U = (qE H /m)/2π, the Unruh temperature for accelerating charge on the horizon. Note that T CK andT CK are the temperature for the Schwinger effect in AdS 2 in Sec. 4. The Schwinger effect from the near-extremal black hole is the product of the Schwinger effect in AdS 2 and a correction due to the Hawking radiation from the non-extremality. It has been further observed that the Schwinger effect has the factorization .
The reason for the Schwinger effect in Rindler 2 is that the measure of the nearextremality is in fact a measure for the Rindler space. The Schwinger effect of scalar QED in the Rindler space has been studied in Ref. 27.
Discussion and Conclusion
We have studied the spontaneous creation of charged pairs from a constant electric field in (A)dS and from a charged RN black hole, which is a nonperturbative quantum effect at one-loop level. The QED action in (A)dS exhibits the interplay of QED and the quantum gravity effect. The Schwinger formula has a thermal interpretation of the Unruh temperature for accelerating charge and the Gibbons-Hawking temperature for dS 2 and the corresponding curvature for AdS 2 . We have found the Schwinger formula in dS space of any dimension, which has the correct limit of the Minkowski spacetime and the pure dS space. The near-horizon geometry of charged RN black hole is AdS 2 × S 2 for an extremal black hole while it is Rindler 2 × S 2 for a non-extremal black hole. Thus, the Schwinger effect for extremal black hole has the same thermal interpretation as in AdS 2 . The near-extremal black hole has, however, an additional Schwinger effect in Rindler 2 .
